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Abstract
Motivated by our earlier argument that the apparent large cosmologi-
cal constant from quantum fluctuations is actually an artifact of not using
a full quantum mechanical superposition to determine the ground state
in which the universe lives in the de Sitter space at the beginning of infla-
tion, we calculate the tunneling probability for the two-well potential for
a scalar field in de Sitter space. We include coupling of the potential to
gravity, and the effective potential from quantum corrections. The results
show the eigenstates are the sum and differences of the wave functions for
the separate wells, i.e. a full superposition, and the energy levels are split,
1
with tunneling between them determined by the Hawking-Moss instanton
and not suppressed.
1 Introduction
The cornerstone of our understanding of the standard model of particle physics
is the Higgs mechanism. The familiar picture in Minkowski space [1], starts
with a real scalar field and an associated renormalizable potential with two
degenerate minima. As is well known, the scalar field sits at either of the
two classical minima of this potential. Its expectation value can then give
a mass to gauge bosons. The above classical picture can be invalidated by
various quantum effects. For example, if the temperature is sufficiently high,
[2], [3], [4], [5] or if external fields are sufficiently strong, [6], then symmetry
can be restored. Consequently, we are motivated to explore what happens if,
instead, the effect is examined in de Sitter space. One reason is the present
observed small positive cosmological constant which means that the universe
will ultimately be described by de Sitter space. Another reason to consider this
is that during inflation, the universe is described by de Sitter space.
In an earlier work, [7] we proposed an approach to how to understand the
problem of large quantum fluctuations that give rise to an apparent cosmologi-
cal constant many orders of magnitude larger than that observed. One crucial
assumption used in that approach was that tunneling between minima of a
potential in de Sitter space is not suppressed by an effectively infinite poten-
tial barrier as it would be in Minkowski space. In this present paper, we have
established that the simple arguments used there are borne out by a more so-
phisticated treatment based on proper quantum field theoretic approach to the
problem.
One might be tempted to suspect that things could easily be quite different
from Minkowski space because of the existence of the Gibbons-Hawking back-
ground temperature, [11]. The temperature of de Sitter space is not a freely
specifiable quantity. If the de Sitter radius is a, then the Gibbons-Hawking
temperature is
TGH =
1
2πa
(1)
So if a is sufficiently small, we could expect the symmetry to be restored. This
requires the computation of the effective potential, and we will discuss this in
detail in section four. There is also another effect that is rather surprising.
In Minkowski spacetime, the two distinct vacua are separated by an infinite
potential barrier. Although the potential energy density separating the two
minima is finite, there is no tunneling between the two minima. This is because
the volume of space of space is infinite, and so the total energy required for
a tunneling process is therefore infinite. However, de Sitter space has finite
volume, and this leads to a non-zero tunneling amplitude. This phenomenon is
discussed and explored in section three.
2
2 de Sitter Space, Temperature and Instantons.
Our starting point is a real scalar field φ coupled to a classical gravitational
field described by a metric gab.
1 The scalar field has potential
V (φ) =
1
2
m2φ2 +
1
24
λφ4 +
3
2
m4
λ
(2)
with m2 < 0 and λ > 0. This is a double well potential with minima at
φ± = ±(6m2/λ)1/2 where V (φ±) = 0. There is also a local maximum at φ = 0
where V (0) = 3m
4
2λ . In Minkowski spacetime, the field will sit in either of the
two minima. One does not need to worry about tunneling between the two
minima because the potential barrier between the two is infinite. Whilst the
energy density at the maximum is finite and equal to 3m
4
2λ , the total energy
required to move from one minimum to another is infinite because the volume
of space is infinite. A consequence of this that we never need to worry about
the possibility of the true state of the theory being in some superposition of the
two minima.
If we couple this model to gravity, then the situation becomes a little more
complicated. The action for the coupled system of fields is
I =
1
16πGN
∫
g1/2d4x (R− 2Λ)−
∫
g1/2d4x (
1
2
∇aφ∇aφ+ V (φ)). (3)
In the above equation GN is Newton’s gravitational constant, R the Ricci scalar
and Λ the cosmological constant. One feature of this system is that one could
add a constant, V1 say, to the potential of the scalar field without changing its
equations of motion. Such an addition corresponds to a change in the vacuum
energy of the scalar. In the absence of gravitation, this change has no effect.
However, in the presence of gravitation, the effect is the same as adding 8πGNV1
to the cosmological constant. The first to worry about this particular effect
was Veltman [8], and it was subsequently used to great effect by Guth [9] and
subsequent investigators of inflation. We keep V1 = 0 but acknowledge the
possible effects of the vacuum energy of scalars through contribution to Λ. Since
we are mainly interested in de Sitter space, we will take Λ > 0. The ambiguity
between a genuine cosmological constant, and the energy density of the vacuum,
means that one can always re-interpret a cosmological constant Λ as a vacuum
energy density ̺ = Λ8piGN .
There are now three maximally symmetric solutions to the coupled Einstein-
scalar equations derived from this action. They each have φ = const in a
spacetime which is de Sitter space. There are two stable solutions with φ =
φ±, V (φ) = 0, and with de Sitter radius
a = a± =
√
3
Λ
. (4)
1Our conventions are as follows: the metric signature is (−+++), and the scalar curvature
of de Sitter space, (as opposed to anti-de Sitter space) is positive. The cosmological constant
of de Sitter space is positive which corresponds to a positive energy density.
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There is also an unstable solution with φ = 0, V (φ) = V0 and where the de
Sitter radius is
a = a0 =
√
3
Λ + 8πGNV0
(5)
with V0 =
3m4
2λ . The metric of the spacetime is given by
ds2 = −dt2 + a2 cosh2
(
t
a
)
dΩ23 (6)
where a is a± or a0 as appropriate. dΩ23 is the metric on a symmetric unit S
3
of volume 2π2. This is the metric on de Sitter space [10]. At any instant of
cosmological time t, space is described by an S3 of radius a cosh(t/a). Note
however that the volume of space is always finite, and arguments against the
relevance of tunneling based on flat space reasoning no longer apply.
Firstly, we review and examine the situation in which there is just the grav-
itational field. We quantize this system by using Euclidean path integral tech-
niques. The Euclidean action is
IE =
−1
16πGN
∫
g1/2d4x(R − 2Λ) (7)
In Euclidean gravity, one considers the partition function
Z =
∫
D[g]e−IE [g] (8)
where the path integral is taken over all metrics g (possibly subject to some
boundary conditions). We can evaluate Z in the loop expansion. The lowest
order contribution to Z is just the tree-level one where one evaluates Z by sub-
stituting the classical Euclidean spacetime metric into the action. The classical
spacetimes obey the Euclidean Einstein equations
Rab = Λgab. (9)
The solution of lowest action, and hence the most important contribution to Z
has φ = 0 and metric
ds2 = (1− 1
3
Λr2)dτ2 +
dr2
1− 13Λr2
+ r2(dθ2 + sin2 θdφ2) (10)
This is the metric on a symmetric S4. It should be noted that this metric
requires one to make τ a periodic coordinate with period 2π
√
3
Λ = 2πa. Evalu-
ating the action for this solution gives
IE = −3π
Λ
= −πa
2
GN
(11)
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As has been emphasized many times, the periodicity of the Euclidean time
coordinate τ leads to the background Gibbons-Hawking temperature given by
TGH =
1
2πa
. (12)
The physical interpretation of this result is easy to understand. Geodesic
observers in de Sitter space can easily describe their observations using static
coordinates. Static coordinates in de Sitter space give a metric
ds2 = −(1− 1
3
Λr2)dt2 +
dr2
(1− 13Λr2)
+ r2dθ2 + r2 sin2 θdφ2 (13)
where (r, θ, φ) are polar coordinates and t is a time coordinate. These coor-
dinates however do not cover the entirety of the spacetime. Were one to an-
alytically continue this spacetime to a Euclidean signatured space by setting
t = −iτ, one would arrive at the metric on S4 given above. A geodesic observer
moves along the line r = 0 where t coincides with the observers proper time.
All such inertial observers are equivalent since de Sitter spacetime is maximally
symmetric. Under the action of the de Sitter group, one observer’s world-line
can be transformed into any other one. In every case, it is possible to construct a
set of static coordinates around that observers world line. In those coordinates,
the metric is always given by that above.
The surface r =
√
3
Λ = a as t → ∞ is a null surface and represents the
cosmological horizon of the observer. Note however that different observers will
have different horizons. The Gibbons-Hawking temperature results from the
Hawking temperature of the cosmological horizon. With this horizon, there is
an associated entropy, S. It can be found by looking at the the Hamiltonian,
H for this particular observer. Suppose that the inverse temperature β = T−1.
The canonical partition function for the gravitational field for the this observer
is
Z = tr e−βH (14)
The partition function is precisely the object found from the gravitational path
integral. The entropy is S can then be determined from
S = − ∂
∂T
(T lnZ) (15)
Evaluating S gives
S =
πa2
GN
(16)
which agrees with the general Hawking expression for the entropy of
S =
A
4GN
(17)
where A is the area of the event horizon. The idea that the Hamiltonian de-
fined by the Euclidean continuation is the correct one for inertial observers is
confirmed by the consistency of this picture.
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The same techniques of Euclidean field theory can be applied with minor
modification to the scalar field theory coupled to gravity that we are interested
in here. The Euclidean action is now
IE =
−1
16πGN
∫
g1/2d4x(R− 2Λ) +
∫
g1/2d4x(
1
2
∂aφ∂
aφ+ V (φ)) (18)
This yields the field equations
Rab − 1
2
Rgab + Λgab = 8πGN (∂aφ∂bφ− 1
2
gab∂cφ∂
cφ+ gabV (φ)) (19)
Our aim is to determine the true vacuum state of the theory, and determine
its energy density. The easiest way to measure the energy density in de Sitter
spacetime is just to measure the de Sitter radius, aE . One can then infer the
effective cosmological constant ΛE since
ΛE =
3
a2E
. (20)
Suppose we are in a situation in which the true cosmological constant is Λ but
the observed cosmological constant was ΛE . Then the vacuum energy density
̺ that we could attribute to the tunneling process is just
̺ =
ΛE − Λ
8πGN
. (21)
These relations are just a reinterpretation of equations (4) and (5) where now
we use the radius to determine the energy density, rather than using the energy
density to determine the radius. The point is that one can use an unambiguous
geometric quantity to define what is meant by energy density. Then, the energy
density of the vacuum is determined by the difference between the true cosmo-
logical constant Λ and the effective cosmological constant ΛE as determined by
the de Sitter radius aE . In Euclidean field theory, the easiest way to measure
the effective cosmological constant is to start from the volume V , [12]. The
volume V of Euclidean de Sitter space, S4 in terms of the de Sitter radius aE is
V = 8π
2
3
a4E . (22)
A knowledge of V therefore allows us to calculate the energy density.
V can be found by modifying the path integral. Define
Z[α] =
∫
D[g]e(−IE [g]−αV). (23)
Since
V =
∫
g1/2d4x (24)
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the new path integral is the same as the old one but with the cosmological
constant Λ replaced by Λ + 8πGNα. To evaluate the matrix elements of V , we
use the fact that
V = −Z−1∂Z
∂α
∣∣∣∣∣
α=0
(25)
There are two degenerate vacuum states in our model, corresponding to the
two minima at φ±, which we call |+〉 and |−〉 respectively. We can evaluate
the new path integral with these as initial or final states, thereby giving us
the matrix elements of the operator Z. The Euclidean path integral has three
saddle points. The first has the scalar fields given by φ+ and the gravitational
field by Euclidean de Sitter space of radius a±. The second is similar but with
the scalar being given by φ−. The last is with the scalar vanishing, and the de
Sitter radius now being given by a0. If one is interested in the matrix elements
〈−|Z|−〉 or 〈+|Z|+〉 then the scalar field just sits in the classical minimum.
Thus
〈−|Z|−〉 = 〈+|Z|+〉 = epia˜2± (26)
where now
a˜2± =
3
Λ + 8πGNα
(27)
If we try to compute 〈φ−|Z|φ+〉 then the scalar field must start at φ+ and end at
φ−. There is no classical solution to the coupled Einstein-scalar field equations
that obeys these boundary conditions, nevertheless there is a saddle point of the
action on the path from φ− to φ+. If one integrates over all φ that go from φ−
to φ+ then one must pass through φ = 0, the saddle point where the de Sitter
radius is a0. Thus, there is a non-vanishing contribution to this matrix element.
This solution is the so-called “Hawking-Moss”instanton, [13]. Consequently, in
the zero-loop approximation we find that
〈+|Z|−〉 = 〈−|Z|+〉 = epia˜20 (28)
where now
a˜20 =
3
Λ + 8πGNV0 + 8πGNα
(29)
Note that when α = 0, a˜± and a˜0 coincide with a± and a0 respectively. We
see from this that the matrix elements of Z are not diagonal. Thus, matrix
elements of V are not diagonal either.
Evaluation of Z leads to (
eA eB
eB eA
)
(30)
where A = πa˜2± and B = πa˜
2
0. The matrix elements of V are then
V = 1
e2B − e2A
(
e2AAα − e2BBα eA+B(Bα −Aα)
eA+B(Bα −Aα) e2AAα − e2BBα
) ∣∣∣∣∣
α=0
(31)
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where Aα and Bα are
∂A
∂α and
∂B
∂α respectively. The eigenvalues of V are
− (Aαe
A +Bαe
B)
eA + eB
and
Bαe
B −AαeA
eA − eB (32)
The eigenvectors are 1√
2
(|+〉±|−〉). Thus the energy of the true ground state of
the theory is shifted relative to the classical energy. Furthermore, the degeneracy
of the ground state is lifted. This comes about because the tunneling probability
between the two distinct classical minima does not vanish as it does in flat
Minkowski space. This is a direct consequence of the fact that the volume of
space is finite. Thus, we find for this problem, a field theoretic result which
looks more like a quantum mechanical result than a flat Minkowski space field
theory result. This seems to fit in well with many recent discussions of physics
in de Sitter space in which it argues that the space of states must indeed be
finite, [14].
If V0 ≪ Λ8piGN , then the energy density of these states is Λ/8πGN ∓ 12V0.
The spacing between the states grows as one increases V0 until V0 = Λ/8πGN
when our method breaks down. At this point, the lower energy state would have
negative energy density apparently leading to an anti-de Sitter space. However,
our methods cannot be easily applied to such a situation so we will not discuss
this possibility further.
One interesting feature of this result highlights a well-known objection to
having the universe in a mixed state. If this happens, the S-matrix then fails
to obey cluster decomposition. Should we be alarmed by this piece of folklore?
Almost certainly not. In a closed universe, there is no notion of an asymptotic
state. There is no S-matrix therefore. Furthermore, the failure of cluster decom-
position because of infra-red problems is not in itself an unphysical feature of a
theory. An obvious counterexample to the idea that cluster decomposition is an
essential prerequisite of a sensible field theory is provided by QCD. The asymp-
totic states are not the elementary states of the theory. We should probably not
be surprised that in a theory of gravitation where there are long- (or possibly
infinite-) range forces, that cluster decomposition should not necessarily apply.
3 Effective Potential
So far, our results are semi-classical. It could be that quantum corrections
change this picture. When quantum corrections are taken into account, the
potential V (φ) is replaced by the effective potential Veff (φ). The vacuum states
of the theory are then described by V ′eff (φ) = 0 and V
′′
eff (φ) > 0. To calculate
Veff , start by decomposing φ into its classical part φ0 and its quantum part φˆ.
Expanding the Lagrangian for φ, the quadratic term is
−φˆ✷φˆ− 1
2
φˆ2V ′′(φ0) = φˆLφˆ (33)
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which defines a second order differential operator L. To lowest order (one-loop),
the quantum corrections give an effective potential
Veff (φ) = V (φ)− 1
2
ln detL (34)
A standard calculation gives the zero temperature flat space result. Evaluating
the effective potential in the modified minimal subtraction scheme, we find
Veff =
1
2
m2φ2 +
1
24
λφ4 +
1
64π2
(
m2 +
1
2
λφ2
)2[
ln
(
m2 + 12λφ
2
µ2
)
− 3
2
]
(35)
where m and λ are now the renormalized values of the original mass parameter
and coupling constant respectively and µ is the renormalization scale. Thus the
first two terms on the right are the classical ones and the third the quantum cor-
rection. We must however be rather careful in interpreting this result. Suppose
that m2 < 0 as we originally assumed. Then if φ2 < − 2m2λ , the argument of the
logarithm in the quantum correction term to the effective potential is negative,
and the effective potential becomes complex. Thus for small fields strengths
the perturbation expansion appears not to work. The reason for this apparent
difficulty is that we are in fact expanding in powers of λ ln(m2+ 12λφ
2) and not
as one might have thought in powers of λ. We can hardly expect an expansion
in terms of an ill-defined parameter to give reasonable results. We will assume
that quantum corrections for small values of the fields do not make a significant
difference to the form of the effective potential. For φ2 > − 2m2λ the expansion is
well-defined and we see that these corrections have the effect of slightly lowering
the minima of the potential and making the sides of the well somewhat steeper.
As long as φ2 is not too large, the shape of the potential is not dramatically
changed. So at zero temperature, there is believed to be no dramatic change to
the form of the potential.
Things become completely different at non-zero temperature. One can cal-
culate the effective potential in a high temperature expansion. The effective
potential then gets modified by the addition of
− π
2
90β4
+
m2 + 12λφ
2
24β2
− (m
2 + 12λφ
2)3/2
12πβ
− (m
2 + 12λφ
2)2
64π2
ln(m2+
1
2
λφ2)β2+ . . .
(36)
where β is inverse temperature, β = 1/T . Thus, as was shown in [4],[5], [3],
and [2] for T > Tc =
√
−24m2
λ the naive vacuum with φ = 0 is the correct one.
There is a phase transition in the theory. Above Tc, the effective potential has
only a single minimum at φ = 0, and below Tc there are minima with φ 6= 0.
So, if the temperature is sufficiently high, the possibility of having the ground
state of the theory being a mixed state is wiped out by large thermal fluctua-
tions. de Sitter space has its own temperature because of its horizons so that
we need to investigate the effective potential in de Sitter space to see if the
effect we are interested in survives. The effective potential for de Sitter space
has been calculated in [6], and [16].
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The principal difference between the flat space calculation and the de Sitter
space one lies in the nature of the differential operator L. In flat space, L
has a continuous spectrum and familiar Fourier transform techniques allow its
computation to be straightforward. In euclidean de Sitter space L has a discrete
spectrum. Putting M2 = m2 + 12λφ
2, we see that the eigenvalues of L are λn
with degeneracy dn,
λn =
1
a2
n(n+ 3) +M2, dn =
1
6
(n+ 1)(n+ 2)(2n+ 3) (37)
where a is the de Sitter radius. If we define the zeta function of L to be
ζ(s, L) =
∞∑
n=0
dnλn
−s (38)
then the zeta function is convergent for Re(s) > 2. It has a unique analytic
continuation to the entire complex plane except for simple poles at s = 1 and
s = 2. In terms of the zeta function, the quantum correction to the potential is
− 3
8π2a4
(
−1
2
ζ′(0, L) + ζ(0, L) lnµ
)
. (39)
ζ(0, L) can be evaluated exactly and is
ζ(0, L) =
1
3
ζH(−3, 3
2
)− 1
24
ζH(−1, 3
2
) +
1
24
X +
1
12
X2 (40)
where ζH is the Hurwitz zeta function
ζH(s, α) =
∞∑
n=0
(n+ α)−s (41)
and
X =M2a2 − 9
4
. (42)
Explicit evaluation gives ζH(−3, 32 ) = − 127960 and ζH(−3, 12 ) = − 1124 . Similarly,
one can calculate ζ′(0, L) and it is
ζ′(0, L) =
2
3
ζ′H(−3,
3
2
)− 1
6
ζ′H(−3,
1
2
)− 1
72
X +
1
12
X2
+ ψ(
1
2
)(− 1
12
X − 1
6
X2)
+
1
24
∫ ∞
0
dt
t4
cosech(
1
2
t)
(√
X sin(
√
Xt)(8Xt3 − 46t)
+ cos(
√
Xt(−46− 24Xt2) + (46−Xt2 − 2X2t4)
)
(43)
where ψ(z) denotes the logarithmic derivative of the gamma function. This form
of the effective potential closely resembles a Schwinger-type proper time formula.
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As one would expect, the singularity in the integral at t = 0 is removable. As
a→∞ this expression coincides with the flat space result. Thus, if the de Sitter
radius is sufficiently large and also provided that the hump in the potential is
sufficiently small, the effective potential will be unchanged compared to the flat
space case. The hump must remain small compared to the de Sitter radius
so that there can be no significant backreaction of the potential hump onto the
effective cosmological constant thereby altering the de Sitter radius significantly
between the minimum of the potential and the top of the hump. Therefore,
under these circumstances the true ground state of the theory will be a mixed
state. In the more general case, it is rather complicated to evaluate in detail the
effective potential and draw any definite conclusions. However, Allen [16] did
study the effective potential numerically and concluded that if Ma . 8, then
the effective potential had only a single minimum at the origin. Lastly, it is
simple to evaluate the effective potential in the limit as a→ 0 where we find
Veff (φ) =
1
2
m2φ2 +
1
24
λφ4 +A(µ)(m2 +
1
2
λφ2)a−2 (44)
This can be deduced from (43) by taking the limit as a → 0, The first term in
such an expansion is just proportional to a−4, the cosmological constant, and so
does not contribute to the effective potential. The next term is proportional to
M2a−2 but with a µ dependent coefficient. Thus some renormalization prescrip-
tion will be necessary to determine the coefficient However, assuming A(µ) > 0,
so that the theory is stable, this term will always overwhelm the other terms
and so there will be a single minimum. Thus for sufficiently high temperature,
there will always be a single minimum. We therefore see that our intuition of
what the effective potential must be, based on flat space reasoning, turns out to
be correct. Nevertheless, because of the complexity of (43), it seems to us that
further investigations of the effective potential could well be quite enlightening.
4 Unequal Minima and Tunneling
The situation we have discussed has the minima of its potential precisely degen-
erate. Such a situation is unlikely to be realized in practice. So what happens if
the minima are no longer precisely degenerate? We will not attempt to present
a complete discussion of this point. However, suppose that the de Sitter radii
are now a+ and a− for the minima and a0 for the maximum, then one replaces
the matrix Z by (
eA eB
eB eC
)
(45)
where now A = πa2+, B = πa
2
0 and C = πa
2
−. The corresponding elements of V
are
V = 1
e2B − eA+C
(
eA+CAα − e2BBα eB+C(Bα − Cα)
eA+B(Bα −Aα) eA+CCα − e2BBα
) ∣∣∣∣∣
α=0
(46)
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where Aα and Bα are
∂A
∂α and
∂B
∂α respectively. Then eigenvalues of V are
(Aαe
A+C −Bαe2B)
e2B − eA+C and
(Cαe
A+C −Bαe2B)
e2B − eA+C (47)
It is easy to see qualitatively what happens. As the two minima separate,
the eigenvalues becomes closer and closer to 8πGNa
4
±/3. These are what one
would expect as the tunneling between the two minima is switched off. The
corresponding eigenvectors are then more and more concentrated about the
two separate minima. Thus, as the separation becomes larger, the true ground
state becomes closer and closer to the bottom of the lowest potential minimum.
However, as long as A−C ≪ A,B,C, the results are not qualitatively different
from the degenerate case, so the application of our results remains valid for a
potential landscape in which the potential depths vary somewhat. However,
potentials with very different minima would not contribute significantly to any
superposition.
This raises the important cosmological question of how rapid the transitions
are between the two different states. Such questions have had their answers
sketched, mainly in the context of inflationary scenarios, in the works of Callan
and Coleman [18], Coleman [17], Coleman and DeLuccia [19], Hawking and
Moss [13], Steinhardt [20] and Linde [21] amongst others. We will return in a
separate publication to this particular issue.
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